TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 230, 1977

SEMIGROUPS OF UNBOUNDED LINEAR
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ABSTRACT. One-parameter families of unbounded linear operators acting in
a Banach space X, and satisfying the semigroup and strong continuity
properties on a suitable subspace of X, are discussed; the notion of
infinitesimal generator is generalized to this unbounded setting, and a Hille-
Yosida-type theorem is proved. The theory is illustrated by several examples,
which include fractional integrals and derivatives acting in L7(0, c0).

1. Introduction. A central feature of the classical theory of semigroups of
bounded linear operators on Banach space is the concept of the infinitesimal
generator. The determination of the semigroup in terms of its generator, and
the characterization of those operators which act as generators of semigroups,
are crucial problems; the Hille-Yosida theorem provides a solution to the
latter, and plays a fundamental role in the theory of linear partial differential
equations.

Devinatz [5] and Nussbaum [20] and [21] extended the notion of semigroup
to include certain one-parameter families of unbounded (symmetric or selfad-
joint) operators acting in Hilbert space, which satisfy the semigroup property
and are weakly continuous on a suitable linear manifold; a classical example
is provided by the Riesz potential operators in L2(R") (cf. [21]). Their results
yield integral representations of the given semigroups and thus suggest the
possibility of expressing the semigroup in terms of an “infinitesimal genera-
tor.” Since interesting examples of one-parameter families of unbounded
linear operators which satisfy the semigroup property are encountered in
Banach space (e.g., the classical Riemann-Liouville fractional integral in
I7(0,0), 1 < p < o0; cf. Theorem 3.3), it is natural to ask whether a unified
approach to semigroups of unbounded operators is feasible without the aid of
spectral representations and the structure of Hilbert space. Thus, in an
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“unbounded” setting, we consider the fundamental problems of classical
semigroup theory mentioned earlier.

In §2 we extend the concepts of semigroup and infinitesimal generator to an
unbounded situation. Let {7}, be a one-parameter family of unbounded
linear operators acting in a Banach space X, and suppose that for each element
x belonging to a suitable subspace D of X, x € N ,5oD(LT), T, Tx = T,,x,
T x is a continuous function of ¢ > 0, and || Tx — x|| > O0as ¢ — O+

In attempting to define the “infinitesimal generator” of {T},>0, one sees
immediately that the operator Ax = lim,_ (T, x — x)/h), with domain

D) ={x € ﬂ,>0D(T)|Iimh_,0+((T,‘,x — x)/h) exists in X} (in order to take
limits we must work at least in N,5(D(T)) fails to have the fundamental
properties of the same operator in the classical setting. For example (even if
we restrict our attention to the set D), if lim,_,q+((7, x — x)/h) exists, there is
no guarantee that lim,_,o+((7, Tx — T;x)/h) exists. Certainly further restric-
tions on the domain of 4 are necessary if we wish to model our theory after
the classical one; however it is not obvious at this point what these restrictions
should be.

Our approach, inspired by the work of Feller [7] and [8], is via the Laplace
transform; even for elements x € D, f0°° M Txdt, A € C, need not con-
verge. Thus we single out subspaces 2, on which the Laplace transform of
T x is defined; for @ € R, let N, (x) = sup,soe || Tx[l, and set 2, = {x
€ D|N,(x) < o). Provided the semigroup {7}, satisfies a certain condition
(which includes the case where each T, is closed), the spaces = are Banach
spaces with norm N, (Theorem 2. 4) the operators defined by J’x
= f5° e MTxds, for x € 3, A € Cwith ReX > w, are now bounded linear
operators in (Z,,N,). In addltion, they are one-to-one and satisfy the first
resolvent equation; A“’ is defined to be the closed operator in (Z,, N,)) whose
resolvent is J)° (Theorem 2.9). Finally, the infinitesimal generator 4 is defined
so that the restriction of 4 to each = is A° (Definition 2.10). We are now in
a position to decide what the additional restrictions on the domain of the
operator x — lim,_,q+((7,x — x)/h) ought to be: x € D(4”) if and only if
lim,,_,q+((T,x — x)/h) exists in X, belongs to =, and Tx is a differentiable
function of ¢ for ¢+ > 0 (Theorem 2.15). Although the infinitesimal generator is
not, in general, closed or densely defined, it does possess many of the
properties of the classical generator, and in Corollaries 2.22 and 2.23 we obtain
some of the classical representations of the semigroup {7,'}t>0 on suitable
subspaces of X. We also prove a “maximal-uniqueness” theorem (2.26), and
Theorem 2.27 is a Hille-Yosida-type result in the spirit of the classical
theorem.

In §3 we illustrate our theory with concrete examples of semigroups of
unbounded operators which occur in Banach space. First some properties of
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the Riemann-Liouville fractional integral acting in I7(0, c0) are considered
(Theorem 3.3); we then turn our attention to the closely related Weyl
fractional integral, and obtain a one-parameter family of closed linear
operators in I?(0, ), 1 < p < oo, which provides a model for the theory
developed in §2. In Theorem 3.9 we prove that the infinitesimal generator of
this semigroup is densely defined (this is not guaranteed by the general theory;
cf. Remark 2.12).

We also consider suitably defined derivatives of fractional order in
I#(0,0), 1 < p < o0, and again obtain a semigroup of closed linear opera-
tors with densely defined infinitesimal generator (Theorem 3.12). Fractional
derivatives in I7(0, 1), defined as inverses of the Riemann-Liouville fractional
integral, provide a counterexample to our theory; the infinitesimal generator
in this case is the zero operator (Proposition 3.13).

Finally, we introduce fractional powers of closed operators, as defined by
Balakrishnan [2]. These provide a wide class of examples which illustrate our
theory; a simple sufficient condition that the domain of the infinitesimal
generator be dense is given.

In a later paper (to appear) we will relate our results to those in [5] and [21]
by applying our theory to semigroups of closed linear operators which satisfy
certain additional restrictions; semigroups of unbounded scalar type operators
with real spectrum are a special case (cf. [1] and [6, Vol. III, Chapter 18]).In
this situation, the infinitesimal generator is a closable, densely defined
operator which uniquely determines the semigroup.

Notation. We shall denote by C the set of complex numbers and by R the
real numbers; Z™* will denote the set of positive integers. X will be a nontrivial
complex Banach space, and by a subspace of X we shall mean any linear
manifold in X.

For standard results in functional analysis and the classical theory of
semigroups, see Hille and Phillips [12], Dunford and Schwartz [6], Kato [15]
and Yosida [24].

2. The infinitesimal generator. Let (X, ||-||) be a Banach space, and {T}soa
one-parameter family of unbounded linear operators acting in X. Let D(T))
denote the domain of T, and set

Tx =T,,x

x is strongly continuous for ¢ > 0,
ITx - x| >0ast—0*

%
(1) D=yxe 0 DTLT)|T

If D # {0}, we shall say that {T};> is a semigroup of unbounded operators in X.
DEFINITION 2.1. For @ € R, x € N5 D(T), let
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N,(x) = sup ™| Txl,
t>0

and set £, = {x € D|N,_(x) < oo}
ReMARK 2.2. (i) If {T}},5,¢ is a semigroup of bounded operators of class (Cy),
then D = X.

(ii) If for each ¢ > 0, T} is a closed operator in X, and D = X, then {T}},5
is a semigroup of bounded operators of class (Cy) on X (closed graph
theorem).

(iii) If {T;},5o is a semigroup of bounded operators of class (Cy), then
X = 2 for any w > w,, where

1
w = lim - log |I7]

is the type of {T;},~,o; moreover, ||| and N, () are equivalent norms on X.
The following consequences of the definition are immediate:

ProposITION 2.3. (i) For all x € D, ||x|| < N,(x).

(i) If w < wyandx € D, then N, (x) < N, (x) Hence if w; < wy,
thenZ, C 2,

(iii) Ifx S Ew then T,x € 3, and N (T,x) < ' N, (x).

For @ € Rand ¢t > 0, T2, will denote the operator 7; with domain
D(TE,) ={x € T |x € D(T)and T,x € Z}.

Here = denotes the closure of 2, in the norm of X.
We now have the following

THEOREM 2.4. Let {T}},, be a semigroup of unbounded linear operators in X.
Let w € R, and suppose that for each t > 0, T,|Z, is a closed operator in =z,
Then £ is a Banach space, with norm N,

PrOOF. We emphasize that the operators T;|=, are closed with respect to the
norm topology of X; clearly this condition implies that

if {x,} € =, Ix, — x|l > 0and | T;x, — yll| = 0,

4.1
@41 then x € D(T) and T,x =y

Now fix @ € R; it is clear that N (-) is a norm on Z,. Suppose {x,} C =,
is a Cauchy sequence with respect to the N -norm, and let ¢ > 0. Then there
exists a number N such that for m, n > N,

(24.2) Nw(xm - xn) = fgg e—wt"zxm - Ix, | <e.
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Thus ||x,, — x,|| < & for m, n > N, by Proposition 2.3(i). Hence there exists
x € X such that ||x, — x|| = 0 as n > oo. From (2.4.2) we see that, for each
t>0,mn>N,

(2.4.3) e N Tx, — Tx,ll <&

that is, for each ¢ > 0, {e™ T x,} is a Cauchy sequence in the norm of X. So
for each ¢t > 0 there exists y, € X such that [e™ T, x, — y,| = 0 as n — oo.
In (2.4.3) fix n > N, and let m = oo. Then

(244) leTx, = 5]l < e,

where N = N(e) is independent of #.

Now, since T;|Z,, is closed for each ¢ > 0, so are the operators (™ T;|Z,),
and (2.4.1) applied to (™' T|S,) implies x € D(e™“'T)) = D(T;) and e™“' T x
= y,. By (2.4.4), we have that forn > N, t > 0,

(24.5) e“Tx, - Txll <e

Since N depends only on ¢, N, (x, — x) < ¢, for n > N. Therefore N, (x, — x)
— 0 as n — 0. Consequently, N, (x) < co. (N, (x) is defined, for we have just
shown that x € M,5D(T)).

It remains to prove that x € D. Since {x,} C D,{x,} C N, 5,D(%T),
and T, Tx, = T,,,x, for all 5, £ > 0, and each n. We now fix 5, 7 > 0. Then
N, (x - x,) = 0,50 |Tx, — Tx| = 0and |T,,x, = T, x| = 0. But T, x,
= T.Tx,, so that (2.4.1) may be applied again; thus Zx € D(T;), and T, T;x
= T, x

The strong continuity of 7,x for ¢ > 0 follows from the fact that e “Tx
— ¢~ “'Tx uniformly in ¢, as shown by (2.4.5).

Now for any x € N;5oD(T), | Tx]| < N, (x), so we have

n

ITx — x| < e N,(x — x,) + ITx, — x,l| + N,(x = x,)

For n sufficiently large, choose & > 0 such that if 0 < ¢ < §, both ¢
<1+eand |Tx, - x,|l <e Thus [|Zx — x| > 0as¢— 0%, and hence
x € D, as wanted.

Next, we show that the condition in Theorem 2.4 includes the case where
the operators 7; are closed.

PropOSITION 2.5. If T, is a closed operator in X, then T|Z,, is closed in =, for
eacht > 0,w € R.

ProOF. T|Z, C T, so if T, is closed, then T|S is closable, with closure
TIS,. If x € D(T|Z,), then there is a sequence {x,} C D(T[Z,) such that
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llx, — xIl = 0 and || T;x, — yll = O for some y € Z,. Certainly x € X, and,
since T is closed, x € D(T) and T,x = y € 2. Thus x € D(T;|Z), so that
T|Z, is a closed operator in =,.

In the remainder of this section, all operators T, will satisfy the condition in
Theorem 2.4.

DEFINITION 2.6. For fixed w € R, and x € =, define

Je —fw‘“Td here A € C, Re A
}\—oe (xdt, whereA € C,Re A > w.

(Here the integral is an improper Riemann integral, converging absolutely in
the norm of X.)

Observe that as an operator in X, J)° is in general unbounded, with domain
p

o
LeMMA 2.7. Fix w € R. Then for eacht > 0, x € 2, and A\ € C with Re A
> w, we have )\’ x € D(T;), and

T;JAQX = J)‘w ];x.

ProOF. Let ¢t > 0. Since x € 2, T,x € D(T;) for each s > 0, and [T, x
€ 3. Since T|Z,, is a closed operator in =, we may apply Theorem I11.6.20
in [6], and obtain J,’x € D(T;). Moreover,

o] [c]
LK x = 7;]; e M T xds =j; e MT Txds = J'Tx.

THEOREM 2.8. For each @ € Rand X € CwithRe A > «, J'(Z)) C Z,.
Moreover, the following hold:

(i) N,(Re X — w)J’x) < N,(x) for each x € Z,; hence J) is a bounded
operator on 2.

(ii) For each x € =, N’ x — x|| = 0as A - co.

(ii)) N, (x) = sup,5o5uPr>, A — @)" ()" x|l, for each x € Z,.

(v) If o, < @y, x €2, and RedA >y, then J'x = J2x. Thus as
operators in X, ' C J\? if Re > w,.

Proor. To prove the first statement, fix w € R;letx € £, and A
€ C with Re A > w. We must show that J°’x € D, and N, (Jy’x) < co.
From Lemma 2.7 we have that J’x € M;5D(T), and TJ\’x = Jy’ Tx.
Similarly, we obtain J\’x € N ,5oD(LT), and LT’ x = T, Jy’x, for all
s, t>0.

Now for any > 0, we have T, J°x = f3° ¢ ™ T, , xds. Since x € =, for
each s>0, T, ,x—T, x>0 a k-t Moreover, [T,,x|
< e“’(”")Nw(x) < M,e*’N,(x) provided |t — A is sufficiently small (here M, is
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a constant depending on 7). Thus by the dominated convergence theorem (for
vector-valued integrals, cf. [6, Chapter III]), |, J\’x — T/ x|| = 0 as |+ — A]
— 0. By a similar argument, [|/x — Ji’x|| > 0 as 1 —> 0*. Hence J°x
€ D; foreacht > 0,

(2.8.1) e T x| < N,(x) ” lo-ReNs go < o0,
YA w 0

provided Re A > w. Since the right-hand side of (2.8.1) is independent of ¢, it
follows that N (Jy’x) < oo. Thus x € =, as wanted.

(i) follows immediately from (2.8.1), by miltiplying both sides of the
inequality by (Re A — w). This also shows that J\* is a bounded operator on
2, linearity is clear.

To prove (ii), let ¢ > 0 and choose 6 > 0 so that, for 0 < ¢t < §, ||T;x — x||
< & Then for A > o,

[oe]
N x = x| <A [ eI Tx - x| d
)
< e}\j‘; e Mdr + }\f;w e‘“(e“"Nw(x) + ||x||) dt
=(1-eM)e+ )\—i—‘se(“’”\)‘st(x) +eM|x| > ¢ asA - co.

Since ¢ was arbitrary, (ii) is proved.

The proof of (iii) is essentially the same as that in [8]; we present the details
for completeness. By induction, we show that for x € =, Re A > w and n
21,

_ 1
IRCES]

(%) x is well defined, as we have just shown that JH(Z,) CZ,.Forn=1,
(2.8.2) is the definition of J,°; so assume it holds for n = k. Then

(2.8.2) ()" x I T e M Tt

k+1 1 ® k-
(J)‘w) * X = J)\w[(—kti')—!j; e Mlk ]7;de:|

0 =]
= (k_l 1),f0 e'“?}['f; e'“tk_'Zxdt]ds

0 =)
= (T_l_l)'_‘f(; e‘}\sj; e—)\ltk—l 7;+,xdtd5‘,

again using Lemma 2.7. Changing variables and interchanging the order of
integration, we get
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K+l 1 “As [P Nu-9)(,, _ ok-]
) = 0= 1)"[ e j;e (u—5)"" T xduds
(2.83) - = ! 1),f e‘“J;xfo“ (u - 5)* " dsdu

1 oMk
=1?"f U Txdu

Here we use the Fubini theorem, since |7, x|| < €“°N,(x) implies that the
iterated integral (2.8.3) converges absolutely.
Now from (2.8.2) we see that the right-hand side of (iii) is dominated by
N, (x). For the other inequality, we use the following (cf. [8]):
If f{t) is continuous and bounded, and if A = o0, n = oo so that
(n=1/A-w) >
then

%\1_:%? j;°° e M=dsgn=1 £y ds — £(2).

We apply this to the bounded, continuous function f(f) = e T, x, where x
€ Z,. Then forallz > 0

e | x|l < lim sup[|(A — w)" ()" ]|
< sup SUP A = )" ()" xll,

and so (iii) is proved.
The next theorem will enable us to define the “infinitesimal generator” of
the semigroup {7};~,.

THEOREM 2.9. For each w € R, the family of operators [J’: Re A > w]on Z,
is the resolvent of a closed linear operator A° in 2, (i.e. closed in the N -norm

topology).

Proor. Fix w € R. We show that the operators [J;°: Re A > «] satisfy the
first resolvent equation. Indeed, let A, p € C, A # p, Re A, Re p > w. Then
forx € 2, Jy’J;° x is well defined; using Lemma 2.7 and changing variables,

29.1)
JA“’J#“’x = fow e j:o e MT, xdtds = j:o e~ (-ms j;w e HI+s) T, xdtds
0
= fow e"(}‘_“)’fs e ™T xduds = J:o e“"“T;xj: e s gsdy

) - _e"(}\“l-‘)“ 1 1 © ©
....j; e T;‘x[ A—g +>\_#]du—m[.ll‘x—l,‘x],
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where Fubini’s theorem again permits the interchange of order of integration,
since || T, x| < e*“*IN, (x).

Next, we prove that Ji° is 1-1 on 2. For suppose J\’x = 0 forx € 2, A
€ C with Re & > A. Then for p € C with Re p > w, p # A, J'()°x) = 0,
so we see from (2.9.1) that J,°x = 0 for all p € C with Re p > w. Thus the
uniqueness theorem for Laplace transforms (cf. [12, Theorem 6.2.3]) implies
T,x = Oforeacht > 0.Butx € =, so ||Tx — x| = 0as¢ — 0*. Therefore
x = 0. Now by Theorem 5.8.3 in [12], [/,°: Re A > w] is the resolvent of a
closed linear operator 4° in the Banach space (£,,N,), and A° = AJ
- (J,\“’)_l, for A € Cwith ReA > w; also, Domain (4°) = Range (J)°).
(Note that the definition of A° is independent of the choice of A, and that
Range (/') = Range (J))) for Aj, A, € C with Re Aj, Re A, > o, again by
(29.1))

The operators 4“ are not, in general, closed in the norm of X.

DEFINITION 2.10. Let D(4) = U, crD(4A°); for x € D(A), define Ax = Ax
—yifx € D(4°) and x = )’y fory € £, Re A > w. We call 4 the infini-
tesimal generator of the semigroup {7;},>0.

Note. A is a well defined (cf. Theorem 2.11(i)), and the restriction of 4 to
3, (denoted 4|2 ), with domain

D(4|2,)) = {x € £, |x € D(4) and Ax € T},

is simply the operator 4°. Indeed, that 4 C A|Z is clear. On the other
hand, if x € D(4|Z,), then x € D(4“) for some &' € R, so x = J y for
y € Z; we may choose A € C with Re A > max(w’,w). Thus Ax = A4 x
= Ax —y. But 4x € £, by assumption, so y € £, and therefore x
€ D(4°).

THEOREM 2.11. (i) A is well defined. In fact, if w; < w, then A*' C A*2.

(ii) D(A) is a linear manifold and A is a linear operator in X.
(iii) For x € 2, the resolvent equation

(2.11.1) AI-A)y=x, Rel> o

has a unique solution y belonging to ., and y = J\’ x.
(iv) For each w € R, D(A°) = = and D(A) = =, where = = U .2,
W WER“w
(Here the closures are taken in the norm of X.)

(v) Let w € R. Then for each t > 0, T(D(4A”)) C D(A®), and
t

(2.11.2) TAx = A°T x.

PrOOF. () Suppose x € D(A“'), and w, > «;. Since D(A™)
= Range ("), x = J\"y forsomey € 2, and X € C with Re A > w,; this
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is possible because the set Range (J\") does not depend on A. Then Ax
=A% =Ax—y. But J%y = /"y, by Theorem 2.8(iv). Thus x
€ Range (J\?) = D(4?), and Ax = A“2x = Ax —y. Therefore if x
€ D(A), then Ax = A°x for any w € R for which x € D(4”), and so 4 is
well defined. We have also shown that if w; < w,, then 4 C A“? as operators
in X.

(ii) is now clear, since the sets D(4”), w € R, are nested.

(iii) Fix x € 2_,and A\ € C with Re A > w; certainly y = J’x is a
solution of (2.11.1), and J\’x € Z . That J;°x is the unique solution belong-
ing to the set 3 follows from the fact that J* = R(A; 4“) for Re A > w,
and 4|3, = A4°.

(iv) D(4®) = =, follows from (ii) of Theorem 2.8, for J’x € D(4“)
whenever x € 2, Re A > w. Thus

T =TS, c US, = UDA") c UDA®)

= D(4) c UZ, = Z.
w
(v) Let x € D(4°). Then x = L’y = f5° e'“]}ydc for some y € 2,
Re A > w. By Lemma 2.7, T’y = J’ Ty € D(4”), and so

A°Tx = A°T )y = A°J’ T,y = AT)x — T,y.
Moreover, since A°x = Ax — y, we have
TA°x = AT x — Ty = A°T)x,

as wanted.

Note that if {T,},>0 is a semigroup of bounded operators of class (Cy) on X,
then for sufficiently large w € R (cf. Remark 2.2 (iii)), 4 = A" is the classical
infinitesimal generator; moreover,

Jex = R(\; A —-f°° “NTxd, ReA X
)\x—(,)x—oe T x dt, el > w, x € X.

REMARK 2.12. Given the generality of our theory as developed so far, we
have no guarantee that 4 is densely defined. Of course, (iv) of Theorem 2.11
shows that if £ = X, then D(4) is dense in X. However, in §3 we shall give
several examples for which the generator is in fact densely defined.

Next, we show that the infinitesimal generator possesses many of the
desirable properties of the classically defined operator.

THEOREM 2.13. (i) For x € D(A), lim,_,;+((T, x — x)/h) exists in the norm of
X, and is equal to Ax.
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(i) If x € D(A), then T;)x € D(A) and T, x is a differentiable function of t for
t >0, with dTx/dt = TTAx = ATx. Hence for each x € D(A), Tx — x
= fy T Axds.

PrOOF. (i) Since Ax = A“x if x € D(4”), we fix an w € R and prove the
result for A°. Thus if x € D(4°), then x =J’y for some y
€ Z,and Re A > w, and 4°x = Ax — y. Then for h > 0,

TLx—x e)\h—l © e)\h ho_
2.13.1 h = At _€e Y,
( ) 7 7 j(; e “Tydt 7 j; e "Tyadt.
Thus
T —_
i, hxh = =Ax-y =A%,

where the last expression in (2.13.1) converges in the X-norm to y since
1Ty =yl — 0as £ — 0%

(1) (cf. [24, p. 239]). Suppose x € D(A”) for w € R. Then we have already
shown in (v) of Theorem 2.11 that Tx € D(4°) C D(A4), and ;Ax = T A°x
= AT x = ATx.

Now let x € D(4°), and x* € X*, the conjugate space of X. Then
f(#) = x* T, x is a continuous function of #, ¢ > 0; from (i) applied to T,x, we
see that f(f) possesses a right derivative x*4°Tx = x* T 4“x. Since 4°x
€ 3, x* TA“x is continuous and finite as a function of ¢. But if one of the
four Dini derivates of f(¢) is finite and continuous, f(¢) is differentiable, and
d(x*Tx)/dt = x*A°Tx = x*T 4°x. Thus x*(Tx — x) = fot x* T A°x ds.
Since x* € X™* was chosen arbitrarily,

t t t
Tx—x=[ Td'xds = [ Tdxds = [ ATxds.

Thus 7, x is differentiable as a function of ¢, and the derivative has the desired
value.
DEFINITION 2.14. Let w € R, and set

dy € = such that |(Tx —x)/0) —y| =0
D(4g) ={ x € £, | ast — 0%, and T x is differentiable
fort >0

For x € D(A4), define

Ix—x

w — 1 t

Agx = tl—%l*‘ t

Thus A is an operator from I, into itself, with domain D(4g). Let
D(4g) = UD(4p), and define Agx = Agx if x € D(4§). Then A is well
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defined, and 45 = 4|2, where 4,|Z, is defined as usual.

THEOREM 2.15. Let A be the infinitesimal generator of the semigroup of
unbounded operators {7,'},>0. Then A = A,.

ProoF. We show that for each w € R, 4 = Ay it suffices to prove that
J’ = R(A; 4%) is also the resolvent of the operator A acting in the Banach
space X .

By Theorem 2.13, we have that D(4“) C D(4p), for if x € D(4°), A°x
= lim,_,5+((T,x — x)/1) belongs to T, and T/x is differentiable; also, 4“x
= Agx.Now if x € 3, then ' x € D(4”) C D(4y), so that for Re A > ,

AT = A45)°x = A\ = A°))’x = x.
We claim that Jy" x is the unique solution of the resolvent equation
AT = A45)y = x,

where x € £, Re A > w, in which case J° will be the resolvent of A5
Indeed, suppose Ay — Ay = 0 for some y € D(4g). Then for ¢t > 0, ATy
— T, Agy = 0, where T/Agy is defined since Agy € Z,. But y € D(4y), so
that Tyis dlﬁ”erentlable for ¢ > 0, and ||T;y — y|l = 0 as £ > 0*. Moreover,
dTy/dt = T Ayy = AT}y, for

-T -

>0+ h >0+
and

. Ly-y
0y = 11m+ hh .

Since we are assuming that 7|2 is a closed operator in £, Agy € D(T}) and
dTy/dt = T Ayy, as claimed. Thus Ty = e)"y for ﬁxed A € C with Re A
> w. But this can be the case only if y =0, since N,(»)
= sup;5q€ (o= Red| Iyl < oo. Therefore J’ = R(A; 4); hence Ag = A"’

Theorem 2.15 enables us to redefine our generator 4 in a manner more
compatible with the classical definition. The definition of 4 given by 2.14 does
not depend on the completeness of =, with respect to the norm N_; thus the
infinitesimal generator may be defined without any additional hypothesis on
the semigroup {T}},~,o. However, if we take Definition 2.14 as a starting point,
and add the condition that the operators 7, IE are closed in EQ, then we
obtain the operators A“ in their original form Indeed, in Theorem 2.15 we
proved that R(\; 45) = J\°. Thus we have the following

THEOREM 2.16. Let {T},>0 be a semigroup of unbounded linear operators in X,
and suppose that for each w € R, t > 0, T|Z  is a closed operator in E .Let A
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be the operator defined in 2.14. Then (Z,,N,) is a Banach space, and for each
x € Z,and X € C with Re A > «, the resolvent equation

has a unique solution, say y = J,’ x, where y € 2 and
[~
Hx = fo e NTxdt.

Moreover, the operator J\’: Z , — Z , has properties (i}~(iv) of Theorem 2.8.

Next we prove that the infinitesimal generator of a semigroup of unbounded
operators is, in a certain sense, unique (Theorem 2.26). We begin with

LeMMA 2.17. Let X be a Banach space, A and B linear operators in X with
domains D(A), D(B), respectively. Suppose that

(i)4 C B,

(i) p(4) N p(B) # .
Then A = B.

ProoF. In view of (i), it suffices to prove that D(4) = D(B). Let A
€ p(4) N p(B). Then (A\I — B) maps D(B) 1-1 and onto X. In addition,
R(\; A) exists, and for each x € X,

(\I = B)R(\; A)x = (A — A)R(\; A)x = x,

since R(A; 4)x € D(4) C D(B). Thus (A\I — B) maps D(4) onto X in a 1-1
fashion.

Hence (A7 — B) maps both D(4) and D(B) 1-1 and onto X. Since
D(A4) C D(B), it must be the case that D(4) = D(B).

Throughout this section, 4 will denote the infinitesimal generator of {T}},5¢,
and 4° = A[Z, where =_ was defined in (2.1).

DErINITION 2.18. For each w € R, let

Q, = D)™

(i.e. closure in the N -norm; note that @, C = ). Then A°|D, will denote the
operator A with domain

D(A°|D,) = {x € D,|x € D(4°) and A°x € 9 ).

REMARK 2.19. Since A® is a closed operator in the Banach space (£, N,),
we have by Theorem 12.2.4 in [12] that 4°|D,, is a closed operator in @, with
D(A“’|6Dw)N“ = & . Moreover, for all A € p(4°),
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R(}\;A“’IGDw) = [R(A;A“’)]IGDQ,

the restriction of R(A; 4°) to the (invariant) subspace 9.
In light of this remark, we have

THEOREM 2.20. Let € R. Then for each t > 0, 9D, C 9, and {T;|9,}
(denoted T) is a semigroup of bounded linear operators of class (Cy) on the
Banach space (9, N,,), with infinitesimal generator (in the classical sense) A°|%D,,.

Proor. Fix ¢ > 0. That T,9D, C 9, is clear, since 7, is a bounded operator
on (Z,,N,), and T,(D(4°)) C D(4°) (Theorem 2.11(v)).

Let x € D(4°). Then by Theorem 2.13(ii), Tx — x = fy T, Axds. So for
h >0,

e—“’h||7;+hx - Tx| < te““”'ll7§+,,Ax|| (where 0 < ¢ < 0)
< 1e* N, (4x) > 0 ast—> 0%,

uniformly in A. Therefore N (T,x —x) > 0ast— 0*; similarly, Tx is
strongly continuous in the N, -norm for each r > 0, x € D(4”). Since D(4”)
is dense in 9, we may, using part (iii) of Proposition 2.3, extend these
continuity properties to ,. Hence {T;} is of class (C;) on 9,,.

Now we introduce the (classical) infinitesimal generator of {T,“}, and call it
A°. Let

NG = swp N(T°x)
No(x)<L;x€2,
and
T | w
(2.20.1) wy = ,11,12, ; log N(T,*)

be the type of {Z“}. By Proposition 2.3(iii), N (%) < e, so that &) < w.
Hence if x € D(4), then for some y € 9, and A € C with Re A > w, we
have (cf. [12, p. 344))

(2.20.2) x = Y e MTyar,
and 4°x = Ax — y. But by (2.20.2),

x € Range (J°|9,) = Range (R(\; 4°|9,,)) = Domain (4°|9,)

(cf. Remark 2.19). Thus x € D(4°|%D,) and clearly (4°|D,)x = Ax — y; so
we have shown that 4% C 4°|9D,.

We shall complete the proof by applying Lemma 2.17. We have just seen
that condition (i) is satisfied, and (ii) follows from the fact that
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{A € C: Re A > w} C p(4°) N p(4°|D,),

since wy < w (cf. (2.20.1)), and p(4“) C p(4°|D,). Thus 4° = 4°[D,.

COROLLARY 2.21. Let w € R. Then the following hold:
(i) Forall x € 9,

(2.21.1) N,AJ'x —x) =0 asA— oo;

(ii) For all integers n > 1,

————N,
(2212) D((4°)") ™ = a;
(iii) For all integers n > 1,

(2.21.3) D(4,)") =%,.

Proor. (i) is clear, for any semigroup of class (C) is necessarily of class (4)
(cf. [12, p. 321]). Of course, we refer to the semigroup {Z;};-,; on the Banach
space (D, N,)). Or, for x € D(4°), we have

N AL’ x = x) = N,(’4°x) < N,(4°x)/(A —w) > 0 asA — oo.
(i) In addition to (i), we have for x € D(4%)
N, (A = 0))’x = x) = N ([ 4°x — 0’ x) < N, (4°x — wx)/(A — )
-0 asA— oo.
Thus forany n > 1,
N,(A—w)')'x=x) >0 asA — oo,

because N, (A — )" (/)") < 1for n > 1. Since (°)"x € D((4*)"), we see
that D(4°) C WN“’, and (ii) now follows.

Thus (iii) is clear, for D((A“’)")N“ C D((4°)"), and so D((4°)") = D(4°)
= 2, by Theorem 2.11(iv).

Theorem 2.20 leads to the following familiar representation of {T)>0-

COROLLARY 2.22. Let w € R, and suppose x € D((A“’)z). Then for each
t >0,

1 y+ico
Tx = %j;_ eMIP xd\, where y > max (0, w).

ioo

(The integral converges in the N, -norm, hence in the X-norm.)
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PrOOF. Let x € D((A“’)z). Then x € 9, and 4°x € 9, so
x € D(4°|9,) = D(A°),

where 4° denotes the classical infinitesimal generator of {7, }>0- By Theorem
11.6.1 in [12], we have for x € D(4%),

1

(222.1) Tx = hng° 3 fy i,,,n MR, A%)xd\, vy > max(0, W),

where «, is the type of {7,“},5, and the limit exists in the N,-norm. But
R A°) = R 4°19,) = Jy° IGD for Re A > w > wy. Thus (2 22.1) gives
the desired result.

The integral representation of Corollary 2.22 is in fact valid for x
€ D(A4°|9,), as may be observed in the proof. The next corollary also follows
from the classical theory (cf. Theorem 11.6.6 in [12]).

COROLLARY 2.23. For w € Rand x € 9,

-k

. [k, .
Tx = Jlim [711‘7,] x = lim [I - —(A“’IGD )] X,
where the limits exist in the N _-norm, hence in the X-norm.

In Theorem 2.27 we will show that the following necessary condition is one
of a number of sufficient conditions that 4 generate a semigroup of unbound-
ed operators.

COROLLARY 2.24. Let w € R, t > 0. For x € D((A“’)s), define
t pytioo
L) = o fo L aeaxands, v > max (00,

Then the operator I, is well defined, and is closable (in the X-norm).
ProoF. Let x € D((A“’) ). Then Ax € D((A“’) ), and by Corollary 2.22,

— __1__ M W 40
TAx 31 oo NI’ A%xd\, vy > max (0,w).

Since 4°x € =2, T;A“’x is a continuous function of ¢, for ¢t > 0. Thus I, is
well defined on D((A“’) ).
Now let {x,} C D((A“’) ), and suppose [|x,|l = 0and ||I,,(x,) = yll

— 0 as n — oo for some y € X. By Theorem 2.13(ii) we have, for each n,
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t e
T;xn_xn=j; 4 Tsxnds

= j;) ! A“’[ 1 f v e“J,“"x,, d)\] ds, for y > max(0,w),

2mi y—ioo

where the inner integral converges (to T,x,) in the N_-norm. Now A is a
closed operator in the N -norm topology, Jy’x, € D(4”), and

THico As gy — ytico As yw 40
[l R ah = [1 " Mue A x,dN
converges by Corollary 2.22, since 4°x, € D((A“’)z). Thus

1 t pytio
Tx,—x, = 2_771‘./(; j;_iw eMIC A x, dNds = L, (x,)-

(Observe that I, is independent of the choice of y.) Since T|Z, is a closed
operator in I, (in the X-norm), the hypotheses imply that y = 0. Thus [, is
closable.

The next result characterizes the set @, as the “continuity set” of the
semigroup {Z;|Z_} on the Banach space (2, N,) (cf. [8]); it also facilitates the
proof of Theorem 2.26.

LeMMA 2.25. For each v € R,
@, = D) = {x € 3 |N,(Tx - x) > 0ast— 0*}.

ProoF. Call the set on the right-hand side C. It was shown in Theorem 2.20
that {T}|D,,},5,¢ is of class (Cp) on (D, N,), so D, C €. On the other hand, if
x € C,, we shall show that N,(AJy’x — x) = 0 as A — oo; the argument is
similar to that in Theorem 2.8(ii).

Let ¢t > 0. Then

@251 ITORx -2l < e [ ® eM|T,,x - T ds.

Given e > 0, let § > 0 be such that N (Tx — x) < efor0 < s < &.
Splitting the ingegral in (2.25.1) from 0 to &, and from & to oo, we obtain

—at @ 8 _as ® s
eNTAL x — )| < )xfo e MN (Tx — x)ds + )xfs e MN (T x — x)ds

el = M)+ [T e + DN, () ds

=¢(1—e ™M)+ (}\—}\—

)

e~ (A-w)t N, (x) + e N, (x).
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Since this estimate of (2.25.1) is independent of ¢, we see that
Jim N ALK x—x)< e

Thus N,(AJ’x — x) = 0 as A = oo.

If A is the infinitesimal generator of a semigroup of unbounded operators
{T};>¢ such that, for each w € R, T|Z,, is a closed operator, then we have
various representations of the semigroup {7;},>0 on suitable subspaces of X (cf.
Corollaries 2.22 and 2.23). In the next theorem, we prove that these represen-
tations are “maximal-unique” (cf. [14, Theorem 2.1]).

THEOREM 2.26. Let A be the infinitesimal generator of a semigroup of
unbounded linear operators {T},~ such that, for each w € R, T|Z, is a closed
operator in Z . Then A is “maximal-unique” in the following sense:

Suppose {E’ }oer is a nested family of subspaces on X, and A’ a linear operator
with domain and range in 3’ = U, 3! (and A will denote A'|Z.,
restriction of A’ to 2., with the usual domain) such that

(i) for every x € Z., the resolvent equation

AI-A4)y=x, ReA>

has a unique solution in Z,, say J,° x;
(i) =, is a Banach space with norm

N (x) = sup sup||(A — &)" ()" x|l
n3>0 A>w
and

N ((Re A — w)i“x) < N/,(x) for each x € Z0s

————N,,
(i) if D, = D(A°) ~, then D, C D (¢f (2.1.1)), TD, C D, for each
t>0,and {TIGD Y>oisa semtgroup of bounded linear operators of class (Cy) on
the Banach space (0.,,N,), with infinitesimal generator A%\ (in the classical

sense). '
Then @, C @, and 4°|/, = A4°|®,, (cf. Definition 2.18).

Proor. Fix w € R. First, we show that, for each x € 9,

NL() = sup e ITxl = N0

Now 4¢ If’D;} is the (classmal) generator of {7;; },5,¢, and J,‘ = R(\; 4%) by
(i). Thus ¥ |9, = R(\; 4 |D’)).s0 for x € D/, we have

, 1 © _ _
(J)\w )nx = (n——l)-!-];) e Mtn IT;xdt, n2zl.
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Hence

N, () < sup e Tx].
>0

On the other hand, since N/, (Re A — w)J{") < 1, we know from the classical
theory that N/ (T x) < e N/, (x), for all x € 9/ . Thus the reverse inequality
holds, since (ii) implies | x| < N,,(Tx) (let n = 0).

This tells us that @, C = (Definition 2.1). In fact, D, C 9_; indeed, if
x € 9 we have by (iii) that N/ (Tx — x) > 0 as t > 0+ But N’ »(Tx — x)
= N,(T,x — x), because x € 6D’ implies T,x € 9/, by (iii). Thus

N,(Tx—-x)—>0 ast— 0%,

so, by Lemma 2.25, x € 9.
It now makes sense to speak of the restriction of A4 to 9/, (which we shall
denote A°|D!), with domain

D(4°|D;) = {x € D, |x € D(4°) and 4°x € D }.

It remains only to prove 4°|! = 4|/,
Let x € D(4°|D,,). Then for some y € 9/, and Re A > o,

(2.26.1) x = ["eNTya,

and 4°x = Ax — y. But Re A > w implies A € p(A“"IGD;,), since the type of
{19}, is < o (for N,(T;|D,,) < ). Thus the integral (2.26.1) exists in
the N/ »-morm, and represents the resolvent of A |D,,. Therefore x
€ D(A“’ |97), and 4¥'x = Ax — y, so A% C 4|,

Conversely, let x € D(4* |D;,). Then (2.26.1) holds for some y € 9/,
CD,andAx =Ax—y € .. Thus x € D(4%), and A°x = Ax -y
= A“x € 9,. Therefore x € D(A“’IGD’) and so 4°|D) = 4“|D’,.

In view of the preceding theorem, we shall call any operator satisfying the
hypotheses of Theorem 2.26 an infinitesimal operator of {T},,,.

We now prove a converse theorem which characterizes those operators A
which serve as infinitesimal generators of certain semigroups of unbounded
linear operators.

THEOREM 2.27. Let X be a Banach space, and let {2} | p be a nested family
of nontrivial subspaces of X, and A a linear operator with domain and range in
2 = U,erZ, (and A° will denote A|Z,, the restriction of A to =, with the
usual domain). Assume that for each x € 2, the resolvent equation

(2.27.1) AT —A)y=x, Rel> o,
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has a unique solution, say J\° x, belonging to 2. (Note that J\’: £, —> 2 is a
linear operator on 2 .)

Assume also that if N, (x) = sup,sosupys,[[A — @) (B)" x|, then N, (x) is
finite for each x € 2, and (=,,N,) is a Banach space; in addition, suppose the
following hold:

(@) N,(Re A — w)/’x) < N,(x), for w € R,ReA > w,x € Z;

(i) for all x € =, [N’ x = x|| = 0 as A > co;

(iii) for each w € R, t > 0, the operator

1, ()

+
2mf f " g A xdNds, where y < max (0,4),
¥

defined on D((A“’) ), is closable (in the X-norm).

Then there exists a one-parameter family {7;},>0 of (in general unbounded)
linear operators in X such that

() if @, = DA°)"*, then @ = U, ¢z, C D (f. (2.1.1));

(ii’) for each w € R, T|Z,, is a closed operator in =, Jor every t > 0;

(iii") if 4 is the infinitesimal generator of {T;},~q, N,, and S are as in Definition
2.1, and A° = A|S,, then for each w € R, 6D c D(A"’)IV and A°|9D,,
= fi"" D,

Proor. We make a number of preliminary observations:

(1) For each w € R, J,* is the resolvent of 4, for Re A > w. By (i), Jy’ is
bounded on the Banach space (2, N,), so 4° is a closed operator in the N,-
norm topology.

(2) Foreachw € Rand x € £, [x|| < N, (x).

(3) Since JA x € D(A®) for each x € 2, (u) implies that D(4°) =
Thus D(4) = U,czDA°) ==

4 If o<wpx€Z, C Ew,andRe}\>w2, then Jx = J*x. In-
deed, both are solutions of the resolvent equation A1 — A)y = x belongmg to
3. Thus & C J;* whenever Re A > ,, and so 4 C A2

(5) If o <wyandx €ZF,, then N, (x) N, (x) since  Jy?x

1y for A > wy, and & — w3)" G xll < I = @) G2 .

(6) , is a well-defined operator on D((4°)®) (cf. Lemma 11 5 2 in [12]).

Now ﬁx w € R, and consider the Banach space 9, = D(A“’) , with norm
N,. Let A°|9, be the restriction of A° to 9. Then, by Remark 2. 19, A9, is
a closed, densely-defined operator in 9, with resolvent J,°|D for Re A > w.
By (i), N,(Re X — w)J’|D,) < 1, so we are in a position to invoke the
classical Hille-Yosida theorem (cf. Theorem 12.3.1 in [12]). Thus 4°|D, is the
(classical) infinitesimal generator of a semigroup of bounded linear operators
of class (Cy) on 9, which we shall denote {Z;“},5,. In addition, we obtain
from the classical theory that N (7“) < €.
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Repeating the above procedure for each w € R, we then define, for
x € U,erD,, >0, Tx = T"x,if x € D,. T is well defined for each
t>0, because if W < w,, then f’D o 9D Irltvdeed by (4), D(4*') C D(A“),
and by (5), D(4“) Mo e D(A“") Nl D(A4“*) ™. Thus for Re A > w,, both
J x and J\* x are defined, and equal by (4). From the classical theory,

W — -\ W) — (02 — OO—A! de
JA"_O T xdt x=] e " xdt.

By uniqueness of the Laplace transform, it now follows that 7' x = T,“*x, so
T, is well defined (in fact, ' C T,“2).

At this point, it is clear that the operators {7;},>0 satisfy the semigroup
property on D = U, cp%,, that Tx is strongly continuous for ¢ > 0,
and || Tx — x|| = 0 as t > 0. (In fact, the continuity properties hold in the
N,-norm, for appropriate w € R.)

Now we know from the classical theory that, for x € D(4°|9,),

t
(2.27.2) T°x — x = fo A°T® xds,

and for s > 0,

1 y+ico

(2273)  T°x = 5— fY MICxdN, v > max(0,w).

27i Jy—ico

In particular, (2.27.2) and (2.27.3) hold for x € D((4°)?). By substituting
(2.27.3) into (2.27.2), and using remark (2 above (also cf. the proof of
Corollary 2.24), we see that, for x € D((4°)"), 1,,(x) = T,“x — x. Thus 7,*,
with domain D((A"’) ), is a closable operator, by (iii). Denote the closure by
7; , and define Tx = T“’x, ifx € D(T“’) T is well defined, for if o < wy,
then % C T

Smce T has already been defined on the whole of @ = U, 9D, we must
check that our extended operators T include % in their domain, and that T
agrees with 70 on 9. We show that for each w € R, @, C D(T°), and
T°=T1° on6D Soletx € 9. Then there exists a sequence {x } C D((A“’) )
such that N (x - x,) = 0asn = oo, since the proof of Corollary 2.21(ii)
shows that for n>1,D(4°)") " = ,. But T“ is a bounded operator on
(D,,N,), so N(Tx — Tx,) > 0asn— . By (2) the N -norm is stronger
than the norm of X, so that ||x — x,|| > 0 and [IT“’x - T°x,| > 0 as
n— . Thus x € D(T°), and T°x = T“’

We now rename T, by Tj; thus we have a one-parameter family {7}, of
linear operators on X such that D = U, cz%D, C D, 50 (i") is proved.

For (ii’), observe first that for each w € R, D((4°)’ 4°)") = Z,. Indeed, in (3)
we remarked that D(4°) = =,, and D((4°)") = D(A®) for n > 1 is proved
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exactly as in Corollary 2.21(iii). Now_we have, by construction, that
7;[D((A“’)3) = T is a closed operator in D((A“’)3); thus (ii’) follows from the
preceding observation.

Next we introduce the spaces (£, N,), as defined in (2.1). Since we have
proved (ii’), these are Banach spaces; let the infinitesimal generator, 4, be as
in Definition 2.10. It is clear that the operator 4, and the spaces {Z,} cr>
satisfy the requirements of Theorem 2.26. Thus by “maximal-uniqueness” we
have, for each w € R,

_"wﬂ"’ -,
9, C D(A°) ", and 4°|9, = 4°D,.

ReMARK. The semigroup {T}},~, obtained in Theorem 2.23 is uniquely
determined by the operator 4 on the set D = U, g%, . In other words, 4 is
an “infinitesimal operator” of {7;},>0; the operators 7, may have extensions for
which A4 is also an infinitesimal operator. We wish also to emphasize that
although the domain of 4 was assumed to be nontrivial, this is not necessarily
the case (cf. Remark 2.12).

3. Illustrations. We now consider several concrete examples which motivate
our theory and demonstrate the variety of possibilities for the domain of the
infinitesimal generator of a semigroup of unbounded operators. Throughout
this section, the sets D, = and = will be defined as in §2.

Fractional integrals in IP(0,0), 1 < p < o0, provide a model for the
theory developed in §2. We first consider several properties of the Riemann-
Liouville fractional integral as an unbounded operator in I?(0, ).

Let f be a real or complex-valued Lebesgue measurable function defined on
(0, ), such that for every N > 0, f € L'(0,N). For a € C with Re a > 0,
define the Riemann-Liouville fractional integral

1) = 13 Jy e = 0O

I°f exists for almost all x in (0, o), and also belongs to L'(0,N) for each
N> 0.If weletI®acton I’(0,N), 1 < p < o0, then I*is a bounded linear
operator; in fact, {I*}g. ,~0 forms a holomorphic semigroup on I(0,N) (cf.
§23.6 in [12]). Also, for f € I’(O,N),1 < p < o0,and y € R,

: etiye iy
Jig 1 = 1

exists in IP(0,N), and {I" ,er forms a strongly continuous group on
IP(0,N). This result was proved for the case p = 2 by Kober [17], and
independently by Fisher [9] and Kalisch [13] for 1 < p < oo.

We shall consider I as an operator in I7(0, ), 1 < p < o0, with domain
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(3.1.1) D(I*) ={f € I(0,0)|I%f € I7(0, )},

in which case it is unbounded.
Throughout this section, /* will have domain as in (3.1.1), unless otherwise
specified.

PROPOSITION 3.1. Let a € C,Re a > 0. Then I® is a closed operator in
£(0,00), 1 < p < 0.

PROOF Let{f,} C D(I*), and suppose there exist f, g € I7(0, o0) such that
f L%, fand I°f, L% g. Let f(\) denote the Laplace transform of f. Then
757 1°f (M) converges absolutely for A € C with Re A > 0, and / I°7 FA) = X%,
Re A > 0 (cf. [23, Chapter II, §8]).
Then for each A with Re A > 0, [T (A) — f(}\)l — 0, and lI“j;,()\) F{6N]
I}\""f A\) —£A)| > 0asn — co. Thus I)\""ﬁ,(}\) Xf(\)| = 0, and so
_“f(}\) = g(A\). But I*f, which exists a.e. in (0, ), has Laplace transform

X"%f(A). By uniqueness of the Laplace transform, it now follows that I%f = g
a.e.,, sof € D(I*), and I* is closed.

Although the next theorem is known (cf. Berens and Westphal [4, Proposi-
tion 6]), its statement as presented here is different from that in [4], where
derivatives of fractional order are considered. (For related results, cf. Hardy,
Landau and Littlewood [10], Kober [16], and Tamarkin [22].)

We shall need the following;:

LemMA 3.2. Fora > 0,y € R, D(I%) = D(1a+iy).

Proor. Following the notation used in Fisher [9], let

216) = s | [ 16 =+ L)

where f € IP(0,0), y € R and ¢ > 0. Then T"f = lim,_,. T'f exists in
IF(0, ) (and pointwise a.e.); moreover, {T" Jyer is a strongly continuous
group of bounded operators on I7(0, c0).

By Corollary 2.2 in [9], we have TYI* = I*TY = I** as operators in
I#(0, o). Since T7 is invertible, the result follows immediately.

THEOREM 3.3. 4s operators in I7(0, ), 1 < p < oo,
I°1P = 1**B Rea,Re 8> 0.

ProoF. That 1°I% C 1%*# follows at once from Fubini’s theorem. The
other direction is equivalent to:
(33.1) If f € IP(0, ), and I°f € I7(0, ), where Re a > 0, then I%f
€ I7(0, 0) whenever 0 < Re 8 < Re a.
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For a, B real, (3.3.1) is equivalent to the statement of Proposition 6 in [4].
Applying Lemma 3.2, we obtain the desired result.
The following is now clear:

COROLLARY 3.4. (i) Whenever a, B € C with Re a > Re B > 0, then D(I*)
c D(I#).

(i) Nyecirea>0PU®) = Myez+ D).

Next we show that the operators 1* are densely defined in I7(0, c0). In order

to do this, we introduce the classical Weyl fractional integral: for f
€ I7(0, ), define

341 JYR) = ﬁ [T~ 0d  a€CRea>0.

Suppose we denote by J the operator J* with domain C,(0, o), the set of
continuous functions on (0, o) with compact support. Then certainly J¢ is a
densely defined operator in I?(0,0); moreover, if n € Z*, then J" is
closable. Indeed, if J) denotes the operator J! with maximal domain

pUMy ={f e I!(0,0)|J'f € I’(0, )},

then J ("), the operator J applied n times, is the inverse of the closed operator
D™ = (=1)"f", the nth derivative of f, with domain

f® e rr0,0),1 <k<n;
Domain (D7) = { f € (0, w) £®) absolutely continuous
on(0,0), 1 <k<n-1
Thus J® is closed, and since J" C J ("), it follows that J" is closable.

Since the operators J” are densely defined, the adjoint operators (J")* are
well defined in 17(0, ), ¢ = p/(p — 1), where (/")* has domain

3h € L7(0, ) such that for
each g € DU™),(£"g) = (hg) S’

and (J")*f = hif f € D((J")*) (cf. Chapter 111, §5 in [15]). Moreover, (J")*
is densely defined in L7(0, ), since I”(0, o0) is reflexive, and J" is closable
and densely defined (cf. [15, Theorem 5.29]).

With these remarks in mind, we now prove

") = {1 € 20,)

PROPOSITION 3.5. For each a € C with Re a > 0, D(I*) is dense in
I7(0, ), 1< p< co.

ProOF. By Corollary 3.4(i), it suffices to prove the result fora = n € Z™;
we shall accomplish the proof by showing that for each n € Z*, I" = (J")*,
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where J" is now regarded as an operator in L7(0, ), ¢ = p/(p — 1).
Let f € D(I"). Then if g € D(J™),

Jy i dx = [ s [ (¢ = 9 s de
(35.1) - g(t)ﬂln—) NG CrT
= [ s0rsas

the interchange of the order of integration is justified since J”|g| € L7(0, o),
so the iterated integral in (3.5.1) converges absolutely. I"f € IF(0, 0), so we
have f € D((J")*), and (J")*f = I"f.

On the other hand, suppose f € D((/")*). Then for all g € D(J"), there
exists b € IP(0, o0) such that

(3.5.2) A 2 1) g (x) dx = f * h(x)g(x) dx.

But since J"|g| € L7(0, o), we may interchange the order of integration on
the left side of (3.5.2) and obtain

(3.53) I © 1" ()5 dx = [ ” hx)g(x)dx,

where I”f(x) is a locally integrable function defined a.e. in (0, o0). Since (3.5.3)

holds for all g € C,(0, oo) I"f = h a.e. on every compact subset of (0, ©);

hence I”f h= (J") f a.e. on (0,0), and so I"f € I?(0, ). Therefore
= (J™)*, so I" is densely defined.

R.EMARK Let ; (x) = (@*/dx*)(x¥e™), k € Z*. Then it is easy to see that
Y € D(I")if and only if &k > n.

For applications of our theory, the Weyl fractional integral is somewhat
more tenable. In the following development, we see its close relationship to the
semigroup {I¢ }a‘>0

Since each 1% is densely defined in I7(0, ), 1 < p < oo (Proposition 3. 5)
the adjoint operators (I%)* are well defined in L(0, c0), where qg=p/(p-
for each @ € C with Re a > 0, (I%)* is a closed linear operator with domam

3n € L(0, oo) such that, for
3.54)  D((I%)* ={ € (0,
and (I*)*f = h for f € D((1%)* ).
Now consider the one-parameter family ofoperators {(7%)*} >0 (our theory
applies only to real values of the parameter); we shall prove that {(1%)*} >0 15
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a semigroup of closed linear operators in L7(0, o0), 1 < g < o0, with densely
defined infinitesimal generator. We accomplish this in a series of lemmas, and
shall need the following known results.

In [16] and [17], Kober studies (among others) the operators

(3.5.5) Ko f(x) = —-x7 I\ P (= 0 () dr
. . n’a r( ) b )
wheref € LP(O ), 1 < p < ,and a,n € C with Re a« > 0. Then if Re 5
—1/p, K, exists a.e. in (0 o), and
(3.5.6) " n,af”LP(O oo) M”f”LP(O Qo)’

where M = M(p,a,n) ([16, Therorem 2]). Kober’s theorem is actually more
general than this, but we need only (3.5.6). In fact, for the case n = 0, (3.5.6)
was proved by Hardy and Littlewood [11].

Moreover, if f € I7(0,0), | < p < o0, Ren > —1/p, then

(3.5.7) A * K f () - f()Pdx - 0

whenever a — 0 with the restriction |arg a| < § < 7/2 (Theorem VI in [17]).
In the first lemma, we obtain a more concrete representation of the
operators (I%)*. Let

(358) o= {f€ L0, x)|x*f(x) € L1(0, ), Yk € Z*).
Clearly 9 is dense in L7(0, ), 1 < ¢ < 0.

LEMMA 3.6. Let a > 0, and (I") be defined in L'(0, ), 1 < g < o0, with
domain (3.5.4). Then 9 C D((I*)*), and for f € N,

(36.1) U1 = 5 [ =00t

the classical Weyl fractional integral. Moreover, (I%)*f € 9.

ProoF. Fix f € 9, and denote the integral in (3.6.1) by J*f. Since
*f(H) € L1(0,0), by setting 7 =0 in (3.5.5) we see that J*f(x)
= Koa(t"‘f(t))(x) a.e. in (0, oo) Then by (3.5.6), J*f € L(0, ). We show
that f € D((I%)*), and (I%)*f = J°f.

Letg € I7(0,0), p = q/(g — 1), and suppose g € D(I*). Then

(3.62) 51 gydx = [ o) ds;
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the interchange of the order of integration is justified, for f € 9N implies | f|
€ 9N, so that J%|f| € L9(0, ), also by (3.5.6). Thus f € D((I%)*), and as
elements of L9(0, o), (I*)*f = J%f.

To verify the last statement, we again use (3.5.6). For if k € Z*, a
> 0 and f € 9N, then

IS () = $If(x) = K, (F1 () (),
which belongs to L7(0, c0) by (3.5.6). Thus (I*)*f € 9n.
LemMa 3.7. 9 C D.

PROOF. Let f € 9. Then by Lemma 3.6, f € N -, D((I®)*), and (I%)*f
€ 9 for each « > 0. Thus f € N, B>0D((I"‘)* (Iﬁ)*); moreover, for a, 8
>0, (I%)*(1PY*f = J2uBf = Jo*Ff = (1°*B)* £, where the second equality
follows from Fubini’s theorem, since J*JP|f|(x) = J**A|f|(x) exists a.e. in
(0, ).

To verify the continuity requirements of the set D, observe that

”taf_f”u(o,oo) -0 asa—0".

Then since ||K;, || < M, where M is independent of a (by (3.5.7) and the
uniform boundedness theorem),

) f =l = 1%f = £l = K5, (f) — fI
< KgL(#f) = Kou(DI + I1Kg. () = I
< NIKg I l1e%f = 11 + IKg,(f) = £l

-0 asa—0t;

the term ||y, (f) — fIl approaches zero as « — 07 by (3.5.7).

Now for strong continuity at, say, 8 > 0, we use the same argument as
above, as well as the fact that (I®)*f € 9nif f € On. Thus o1 C D, as
wanted.

For eachn € Z¥, let g, (x) = ¢™™. Then the set {p,},,+ is fundamental
in L7(0,00), 1 < g < 0.

LemMa 38. {p,},cz+ C Z.

Proor. Since {p,},cz+ C O, we have by Lemma 3.7 that {p,},c+ C D.
So it remains to show that, for each n € Z*, ¢, € =_ for suitable w € R.

Fixn € Z*, and let @ > 0. Then a = [a] + {a}, where [a] is the greatest
integer < a, and 0 < {a} < 1; hence
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1) @)l = @)l = sk,
= V@] = 1 D@,
n

< M/n[a]
by the strong continuity of J {“}(<p,,). Thus

IT* ()| < M/n*" = Ke*™,

for suitable constants K and w € R,and so ¢, € Z .
Since {9, }, < z+ is fundamental in L7(0, c0), we now have that £ = L(0, ),
and applying Theorem 2.9(iv), we obtain

THEOREM 3.9. The infinitesimal generator of {(I ay* Ja>0 is densely defined.

As an operator in I”(0, o), the fractional derivative of order a, @ > 0, may
be defined as the inverse of the operator I% Another possibility is to define
fractional derivatives in terms of the Weyl integral (3.4.1). (For these and other
approaches, cf. Hardy, Landau and Littlewood [10], Kober [16], Love [19], and
Tamarkin [22]).

Before giving another application of our theory, we return to the develop-
ment of the preceding section. Let C°(0,0) denote the set of infinitely
differentiable functions on (0, c0) with compact support. Then it is easy to see
that for each a > 0, C;°(0, 0) C Range (I%); thus the operators I* have
dense range in I”(0, o), and so the (I%)*s, acting in L7(0, ), ¢ = p/(p — 1),
are 1-1. Therefore [(7%)*]™!, the inverse of (I*)*, is a well-defined, closed
operator in L7(0, o0), with Domain ([(1*)* 1™!) = Range (I%)*).

Now if Jy; denotes the Weyl integral (3.4.1) with domain the set 9 (cf.
(3.5.8)), then by Lemma 3.6 we have Jg C (/ *y*. Thus (JG;L)_' c o,
so that on Range (Jg), the operator [( "‘)*]—I is simply the fractional
derivative of order a, defined in terms of the Weyl fractional integral. For
a€Zt (JG)"{L)—1 fis the ath derivative of f.

For convenience, set D* = [(I%)*]™. In this section, we show that {D*}>0
is a semigroup of closed linear operators in L7(0, o) with densely defined
infinitesimal generator. The sets D and 2 , @ € R, will have their usual
meanings and, in addition, we let § denote the Schwartz space of all functions
f € C®(0, ) such that
sup )lx"f(”)(x)l < oo,

x€(0,00
for each pair of nonnegative integers k, n. Note that § C 9.
Lemma 3.10. 5§ C D.
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ProOOF. We first observe that, for each a > 0, § C Range (Ji) (and cer-
tainly the latter is contained in Domain (D®)). For if f € §, and a > 0, then
we may write f=J [‘"]“g, where [a] is the greatest integer < @, and g
= (1)1 f@+D | the (o] + 1)th derivative of f. But g € S C 9, so we
have

f= J[a]+lg — JaJ[a]H-ag;

since JI1*1~%g € O by Lemma 3.6, f € Range (Jg‘!%).
In Lemma 3.7, we proved that if f € O, J*JPf=J «*Bf Thus Joj’,‘LJg’fL
= 5"[3 , as operators on 9, so that we also have
$ C Range (Jej‘{LJ@’,’L) C Domain (D*D?) for any a, 8 > 0.

Moreover, since (&) (8)™" = U&®) ™, )T UE)™! DDA, and
(.I:,j‘{,j“ﬁ)_l C D**A, we have for f € § that D*DPf = D**Py,

Next we check the continuity properties. If f € §, then f = J g (= Jfgmg),
where g € 9. Thus for 0 < a < 1,

ID%f — fll = IID* Vg — Jpgll = D" Jor g — Iy gl
= IIJO}[“g - nglgll >0 asa—-0"

(and as @ — 07), by the strong continuity of {(I"‘)”'}m>0 on the set 9N (cf.
Lemma 3.7).

Similarly, for fixed 8 > 0, we have f = JP*1h = JE™'h, where h €
(indeed, write f = J{F2 g = JEH JIB-A+1 0) Then for 0 < a < 1,

|D**Bf — DEf|| = | D**BIE b — DPIE h|| = || D*PULBIg®h — Ty h
= | h— Jhhl =0 asa—0,

again by Lemma 3.7. Thus § C D, as claimed.
We again set ¢,(x) = e, for n € Z*. Then we have

Lemma 3.11. {p,},cz+ C 2.

Proor. Clearly {p,},cz+ C S, so by Lemma 3.10, {p,},cz+ C D. Now if
we fix n € Z*,and « > 0, then writing a = [a] + {a}, we have (since
¢, € § C Range (Jy))

1D% @) = 1) ™ @)l = U™ )™ (@)
= I A = A ) (@)
< M,



142 R. J. HUGHES

by the continuity of (J&l)_l(tpn). Thus for suitable constants K and w € R,
ID*(p,)ll < Ke*,s0 ¢, € Z,.
Again applying Theorem 2.11(iv), we have

THEOREM 3.12. The infinitesimal generator of (D"}, is densely defined.

At the conclusion of §2, we remarked that the infinitesimal generator of a
semigroup of unbounded operators need not be densely defined. To confirm
that this is indeed the case, we focus our attention on fractional derivatives in
I2(0,1), 1 < p < oo, in order to provide an example for which the infinitesi-
mal generator is in fact the zero operator.

Let {Il“}a>0 denote the Riemann-Liouville semigroup of bounded operators
acting on 17(0,1). For a > 0, let

D) = {f € (0, 1)|f = }g for some g € (0, 1)},

and define 7°f = g, if f € D(}™*), and a« > 0. Since the operators },* are
1-1, I * is well defined; and for @ € Z*, 17*f is simply the ath derivative of f.
As all operators considered will now act in 1#(0,1), we shall write
I** for [**, and ||-|| for “'"u(o,ly
As inverses of bounded operators on I7(0, 1), the operators I™* are closed,
and satisfy the semigroup relation

(3.12.1) 11 f=10h o p>o0.
Thus fora > B> 0, D(I™*) ¢ DI P), and

—ay —ay—By — -n
(3.122) GQOD(I ) a,p>oD(1 )y=_n.oiI")

PROPOSITION 3.13. For each w € R, 2, = {0}.

ProoF. Fix w € R, and let f € £ . Then in particular, f € D, so by
(3.122), f € N,cz+DI™). Thus f € C®(0,1), and f*)(0) = 0 for k
€ Z™; also, f(0) = 0. Moreover, there exists a constant M such that
N,(f) = sup,5oe”“*|lI7%fll < M; thus for each integer n > 1,

(3.13.1) £ < Me.

Now let ¢ € L7(0, 1), where ¢ = p/(p — 1). Then integrating by parts, we
have

6.2) fol o(x) f(x)dx = —f(x) fx l (p(t)dt‘:) + j; ] f(x) fx : o) dtdx
13,

= [ 7900 0,
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where {J*},5, denotes the semigroup {/;"},~q of bounded operators on
I7(0,1). Repeating (3.13.2) n times, and using the fact that F®0) = 0, we
obtain

1 1 n )
J, s dx = [ I"9(x) SV () dx,
for all n > 0. Thus by (3.13.1) and the usual bound on J”,

"Jn(p“[,ll(o,]) ”f(n) “LP(O,I)

|, o0 0ax <

<Me lgll >0 asn— co.

Thus f = 0.
We now introduce a wide class of examples which illustrate our theory.
Fractional powers of closed operators have been defined in various ways (cf.
Balakrishnan [2], Komatsu [18], Yosida [24, Chapter 9, §11], Berens, Butzer
and Westphal [3]); we shall follow the development given by Balakrishnan [2].
Let 4 be a closed linear operator acting in a Banach space X, and suppose
the resolvent of A4 satisfies

(3.14.1) IARA; 4)l| < M, forA > 0.

Letn € Z*, and « € C with n — 1 < Re a < n; define the linear operator
J® on D(A"), the domain of the operator 4", by

— sin aw
J%x =

I P X RO A) A" xdM,

where the principal value of X" is taken so that X* > 0 for @ > 0. Then the
following results are Lemmas 2.1, 2.2, and 2.4, respectively, in [2].

LeMMA 3.14. The operators J* are closable.

Let D(4°) = N,cz+D(A").

LemMa 3.15. For x € D(A*), J%x is an analytic function of a for Re a > 0.
LemMa 3.16. For any x € D(A) such that A\ARQ\; A)x = 0 as A > 0, J%x

— x as a = 0 in a fixed sector about 0.

Fora € Z*, (—A4)" will denote the ath power of (—A4), defined in the usual
way. Fora € Cwithn — 1 < Rea < n, where n € Z™, let (—A4)" denote
the closure of the operator J .

Then for @, 8 € C with Re a, Re 8 > 0, and x € D(4®),



144 R. J. HUGHES
(3.16.1) (—A)* (-A)Px = (—4)**Px

(cf. [2, p. 423)).

If A is the infinitesimal generator of a uniformly bounded semigroup of
linear operators of class (C) on X, then certainly 4 is closed and satisfies
(3.14.1). Moreover, by Lemma 3.15 and (3.16.1), J*x is strongly continuous
for a > 0, x € D(A®); since the condition in Lemma 3.16 is satisfied for all
x € A(D(47)), we see that {(—A4)"} o (« now restricted to positive values) is
a semigroup of closed linear operators in X, and A(D(4®)) C D, where D is
the set defined in (2.1.1).

Even though D(4%) is dense in X (cf. [12, Theorem 10.3.4]), we cannot
conclude in general that such a semigroup has a densely defined infinitesimal
generator. However, it is easy to see that the infinitesimal generator of
{(—A)"‘}a>0 is dense in X if the set of eigenvectors of A (necessarily C D(A4%))
is fundamental, since any eigenvector x belongs to = for suitable w € R. This
condition agrees with the results on fractional derivatives in L7 (0, o).
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